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Correspondence Theorems via Tropicalizations of Moduli Spaces
Andreas Gross
We show that the moduli spaces of irreducible labeled parametrized marked
rational curves in toric varieties can be embedded into algebraic tori such
that their tropicalizations are the analogous tropical moduli spaces. These
embeddings are shown to respect the evaluation morphisms in the sense that
evaluation commutes with tropicalization. With this particular setting in mind
we prove a general correspondence theorem for enumerative problems which
are defined via “evaluation maps” in both the algebraic and tropical world.
Applying this to our motivational example we reprove Nishinou and Siebert’s
correspondence theorem using tropical intersection theory.
1 Introduction
One of the most celebrated results of tropical geometry certainly is Mikhalkin’s Correspon-
dence Theorem [Mik05] which established a remarkable connection between enumerative
algebraic geometry and tropical geometry. The result of the theorem is twofold: first, it
showed that a difficult algebraic enumerative problem, namely that of counting plane
curves of given degree and genus through an appropriate number of generic points, can
also be formulated in the tropical world in a meaningful way and be solved combinatorially;
and second, it proved that a solution of the tropical problem also solves the algebraic
problem by showing that the multiplicities of the tropical curves are the numbers of alge-
braic curves tropicalizing to them. Both parts of the theorem motivated different kinds of
questions in tropical geometry.
The first part, which basically laid the foundations for tropical enumerative geometry,
led to the natural question of whether the methods used in the modern treatment of
enumerative algebraic geometry could be used in tropical geometry as well. More precisely,
the question was if it was possible to construct tropical moduli spaces of objects one wants
to count and then count them using intersection-theoretical methods. It turned out that
this in fact works out: the first tropical moduli space appearing in the literature was the
tropical Grassmannian [SS04], which was used to construct moduli spaces of abstract and
parametrized marked tropical curves in [GKM09]. These spaces have enough structure to
apply the intersection-theoretical methods of tropical geometry developed in [AR10].
The question motivated by the second part was, of course, that of how to generalize
Mikhalkin’s results to other enumerative problems. The main difficulty always is to find a
strong relation between the algebraic objects one wants to count and their tropical analogues.
The usual way to proceed is to assign to a given algebraic object a naturally constructed
tropical object, generally called its tropicalization. Then by considering the fibers of the
tropicalization, the numbers of algebraic and tropical objects having certain properties can
be related. There are different ways of how to tropicalize a given algebraic object. One way,
which is the one used in Mikhalkin’s paper, is to consider degenerations. This approach
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also has been used in [Shu05], [NS06], and [Tyo12] to prove generalizations of Mikhalkin’s
result. Another way is to find a torus embedding of the algebraic moduli space of the
objects in question such that its tropicalization (its non-Archimedean amoeba) is equal to
the tropical moduli space of the corresponding tropical objects. That this is in fact possible
sounds like a strong assumption, yet it has turned out to be possible in an increasing
number of instances. Since enumerative numbers are defined by intersection numbers on
the moduli spaces in both algebraic and tropical geometry, one needs information about
how to relate tropicalizations of intersections to intersections of tropicalizations. This has
been studied in detail in [OP13] and [OR13].
The goal of this paper is to show that the previous knowledge about moduli spaces,
intersection theory, and the tropicalization map is sufficient to reprove the correspondence
theorem in a manner that can easily be generalized and applied to similar problems. What
we need is that the algebraic moduli space is very affine, tropicalizes to the tropical moduli
space after choosing a suitable torus embedding, and that the properties of the objects we
want to count are encoded in finitely many torus morphisms to some appropriate tori, on
the tropical as well as on the algebraic side. Furthermore, the tropical and algebraic torus
morphisms should be compatible with tropicalization. These assumptions are motivated by
the problem of counting marked parametrized curves, where the interesting enumerative
numbers can be defined via the evaluation maps on the algebraic, as well as on the tropical
side. We assume that the valued field we are working over is algebraically closed and has
characteristic 0 so that we are able to use Bertini arguments. The valuation on the other
hand can be arbitrary. In particular, it does not need to be non-trivial.
The paper is organized as follows. In Section 2 we will review the basic results about
tropical cycles and varieties, tropical intersection theory, and tropicalization needed in the
subsequent sections. Section 3 is about marked parametrized curves in projective space. We
will start by reviewing the necessary results about the tropical case, that is the definition
of abstract and parametrized tropical curves and the construction of their moduli spaces.
Afterwards we will examine the algebraic side. We will see that the correct objects to study
are labeled parametrized marked rational curves. In the last part of Section 3 we will
show that their moduli spaces have canonical torus embeddings with respect to which
they tropicalize onto the tropical moduli spaces. This yields a way to tropicalize algebraic
curves. We will give an explicit description of the tropicalization of a curve and prove that
tropicalization commutes with evaluating the marked points. In Section 4 we will abstract
the situation of Section 3 in order to prove a general correspondence theorem. We will
assume that we want to count the number of elements in the preimages of an appropriate
number of “evaluation” maps, which are given on both the algebraic and tropical side and
commute with tropicalization. Finally, in Section 5 we will apply our results. Our first
application will be our motivating example of rational curves in projective space of given
degree where our correspondence theorem yields that the algebraic curves through an
appropriate number of generic points tropicalize precisely to the tropical curves through
the tropicalizations of the points. Afterwards, we will generalize this result to curves
in arbitrary toric varieties, whose corresponding tropical curves will then have arbitrary
tropical degree. We will also see that by fixing the labeled points in the boundary of the
toric variety and its tropical toric counterpart we get a correspondence of relative invariants.
Finally, we will show how to use the tropicalization of the incidence correspondence of
lines and cubic surfaces in three-space to intersection-theoretically define multiplicities
on tropical lines in smooth tropical cubic surfaces. We will then use our correspondence
theorem to prove that these multiplicities respect the relative realizability of the lines and,
2
in particular, sum up to 27.
I would like to thank Andreas Gathmann for many helpful discussions and comments.
2 Preliminaries
In this section we want to recall the definitions and some properties of the basic objects
and operations in tropical geometry needed in the subsequent sections. Before we begin
with a short review of tropical cycles and varieties, let us fix some general notation used
throughout this paper. We will denote algebraic objects by Latin letters and tropical objects
by fraktur letters. The algebraic objects will always be defined over an algebraically closed
valued field (K, ν) of characteristic 0, with valuation ring (R,m), residue field κ = R/m,
and value group Γν = ν(K∗). For a set S we will denote by D(S) the set of pairs of distinct
elements of S.
2.1 Tropical Varieties
A tropical torus is a finite dimensional real vector space T, together with a lattice NT ⊂ T
such that the canonical map (NT)R = NT ⊗Z R → T is an isomorphism. Very often,
one starts with the lattice N and then sets T = NR. This happens especially when
relating algebraic and tropical tori: Given an algebraic torus T, the group N of 1-parameter
subgroups (1-psgs) is a lattice and the tropical torus NR is called the tropicalization of T.
For example, the tropical torus Rn = (Zn)R is the tropicalization of the algebraic torus Gnm,
whose 1-psgs correspond canonically to Zn. For us, the most important tropical tori will
be the tori Tr := Rr+1/R1 for r ∈ N, where 1 is the vector with all entries equal to 1, and
NTr is the image of Zr+1 under the canonical projection Rr+1 → Tr. Its importance stems
from the fact that it can be canonically identified with the tropicalization of the algebraic
torus Tr ⊂ Pr consisting of all points of Pr not contained in any coordinate hyperplane.
Given two tropical tori T and T′, a morphism from T to T′ denotes an R-linear map T→ T′
which is induced by a lattice homomorphism NT → NT′ .
Now we will review the definition of tropical cycles following [AR10]. A weighted complex
in a tropical torus T is a pure-dimensional rational polyhedral complex, together with a
weight function assigning an integer to each of its inclusion-maximal cells. Here, rational
means that each of its cells is a finite intersection of half-spaces {p ∈ T | 〈m, p〉 ≤ x}, where
m ∈ (NT)∨ = Hom(NT,Z) and x ∈ R. Suppose σ is a rational polyhedron in T, and p ∈ σ.
Then the subspace U = Lin(σ− p) is independent of the choice of p. Thus it makes sense
to define Nσ := NT ∩U. It is a saturated sublattice of NT of rank dim(σ). If τ is a face of
σ, then Nσ/Nτ is a lattice of rank 1 and therefore has exactly two generators. The lattice
normal vector uσ/τ is defined as that one of them pointing in the direction of σ. A tropical
complex A is a weighted complex satisfying the so-called balancing condition. This condition
requires that whenever τ is a codimension 1-cell of A, and σ1, . . . , σk are the maximal cells
containing τ, with weights ω1, . . . ,ωk, respectively, then
k
∑
i=1
ωiuσi/τ = 0 in NT/Nτ .
The support |A| of A is defined as the union of all its maximal cells with nonzero weight.
Tropical cycles are tropical complexes modulo refinements. Of course, refinements have to
respect weights so that the support of a cycle is well-defined. For d ∈ N let Zd(T) be the
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set of d-dimensional tropical cycles in T. There is a naturally defined addition of tropical
cycles of the same dimension, making Zd(T) an abelian group. Given a cycle A in T, the
set of d-dimensional cycles B ∈ Zd(T) with |B| ⊆ |A| is a subgroup of Zd(T), denoted by
Zd(A). The graded group
⊕
d Zd(A) is denoted by Z∗(A).
Let A and B be tropical cycles in tropical tori T and T′, respectively. Then the morphisms
from A to B are all maps |A| → |B| which are induced by a morphism T→ T′ of tropical
tori.
Finally, a tropical variety is a tropical cycle with positive weights only.
2.2 Tropical Intersection Theory
Over the last few years tropical geometers have been working to develop a tropical
intersection theory that parallels the algebraic intersection theory in many ways. As the
name suggests, the tropical objects corresponding to the algebraic cycle groups of varieties
are the groups of tropical cycles. Here, we want to give a very brief overview over the
operations of tropical intersection theory needed in the rest of this paper.
• If T is a tropical torus, there is an intersection product on Z∗(T), usually denoted by
“·′′, making it into a commutative ring with unity T [AR10]. Similarly as in algebraic
intersection theory, we define Zd(T) = Zdim(T)−d(T) and Z∗(T) =
⊕
d Zd(T). With
this notation Z∗(T) is even a graded ring.
• Intersection products cannot only be defined for cycles in tropical tori, but more
generally for cycles in smooth tropical varieties, that is varieties locally isomorphic to
the Bergman fan of a matroid. This has been shown in [FR13] using similar methods
as in [AR10], and in [Sha13] using tropical modifications.
• There is a concept of rational functions on a tropical variety A. They are defined as
continuous functions ϕ : |A| → R such that there exists a polyhedral subdivision of
|A| on whose maximal cells ϕ is given by integer affine functions. Rational functions
form a group with respect to addition which we denote by K(A). Every rational
function ϕ ∈ K(A) has an associated cycle ϕ ·A ∈ Zdim(A)−1(A) [AR10]. The induced
map
K(A)× Z∗(A)→ Z∗(A), (ϕ,B) 7→ ϕ||B| ·B
is bilinear. Intersection with rational functions is also compatible with intersection
products on smooth tropical varieties [FR13, Sha13].
• If we consider sums of products of rational functions we obtain the concept of
piecewise polynomials. These can be intersected with tropical cycles as well. They
are the local building blocks for tropical cocycles, as introduced in [Fra13]. On every
tropical variety A, the tropical cocycles form a graded ring C∗(A) and there is a
bilinear map, analogous to the cap product in algebraic geometry,
C∗(A)× Z∗(A)→ Z∗(A)
which is graded in the canonical way, and compatible with intersections with rational
functions. On smooth tropical varieties it is also compatible with intersection products,
and in the special case of a tropical torus T it is known that the map
C∗(T)→ Z∗(T), ϕ 7→ ϕ · T
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is an isomorphism of rings [Fra13, Thm 2.25].
• If f : A → B is a morphism, there is a push-forward map f∗ : Z∗(A) → Z∗(B)
preserving the dimension of cycles. The push-forward is functorial [GKM09, AR10].
• If f is as above, there also is a pull-back f∗ : C∗(B)→ C∗(A), which is a morphism of
graded rings. In particular, if B is a tropical torus, we can pull back tropical cycles.
Pull-back and push-forward can be related in a tropical projection formula, that is
whenever C ∈ Z∗(A) and ϕ ∈ C∗(B) we have f∗(f∗ϕ · C) = ϕ · f∗C [Fra13, Prop. 2.24].
• There is a notion of rational equivalence. Let A be a tropical variety. We denote by
R(A) ⊂ K(A) the set of all bounded rational functions on A. Two cycles B,C ∈ Zd(A)
are said to be rationally equivalent if there is a tropical variety D and a morphism f :
D→ A such that B− C = f∗(∑i ϕi · Ei) for some ϕi ∈ R(D) and Ei ∈ Zd+1(D). The
canonical degree map deg : Z0(A)→ Z is well-defined modulo rational equivalence
[AHR16].
2.3 Tropicalization
Now we want to recall how to obtain a tropical variety from a subscheme of an algebraic
torus. Let T be an algebraic torus, let N be the lattice of one-parameter subgroups of T,
and let M be the lattice of characters of T, which is canonically dual to N. Then there is a
canonical isomorphism T ∼= Spec(K[M]). Any K-rational point x ∈ T(K) induces a group
homomorphism M → K∗. Composing this with the valuation ν : K∗ → R we obtain an
element in T := NR ∼= Hom(M,R) called the tropicalization of x. By this procedure we
obtain a map
trop : T(K)→ T.
It follows immediately from the construction that the tropicalization map factors through
Γν(T) := Γν ⊗Z N.
Now let X be a pure-dimensional subscheme of T and t ∈ Γν(T). Then there is a
t ∈ T with trop(t) = t. The initial degeneration int X is defined as the special fiber of the
scheme-theoretic closure of t−1X in T = Spec(R[M]). It is well-defined up to translation
by a point in Tκ = Spec(κ[M]). If t is not in Γν(T) we can use the same definition after
a suitable extension of valued fields. Of course, this depends on the choice of the field
extensions, but it can be shown that for every two of those extensions L and L′ there is a
common field extension L such that the initial degenerations defined over L and L′ become
translates of each other after passing to L [Gub13, Section 5]. We remark that it is also
possible to define initial degenerations at general t ∈ T using the tilted group rings R[M]t.
With this definition they are well-defined without the choices of a field extension and a
t ∈ T [OP13].
The tropicalization Trop(X) of X can be defined as a tropical cycle in T whose underlying
set |Trop(X)| consists of the t ∈ T with int X 6= ∅. This is indeed a purely dim(X)-
dimensional polyhedral complex [BG84], and if the valuation is non-trivial it is the closure
of trop(X(K)) [SS04, Dra08, Pay09b, OP13]. For any point t ∈ |Trop(X)|, the sum of the
multiplicities of the components of int X is well-defined and called the tropical multiplicity
of X at t. The multiplicity is constant on the relative interiors of the maximal cells of
any polyhedral structure on |Trop(X)| and satisfies the balancing condition [Spe05, ST08,
Gub13]. Thus, we get a well-defined tropical cycle Trop(X).
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The fiber of 0 with respect to the tropicalization map trop can easily be described
algebraically. It is exactly the image of the inclusion T (R) ↪→ T(K), which maps a
morphism Spec R → T to the induced morphism Spec K → T on the generic fibers. For
this reason we call points in T(K) tropicalizing to 0 the R-integral points of T. We can use
this identification to give trop−1{0} a topology. Namely, we give it the initial topology with
respect to the reduction map T (R) → Tκ(κ), where we consider Tκ(κ) with the Zariski
topology. This makes trop−1{0} a topological group. Note that if the valuation is trivial, we
have T(K) = T (R) = Tκ(κ) and the topology just defined is the ordinary Zariski topology
on T(K).
If t ∈ Γν(T) is general, then the fiber trop−1{t} is a trop−1{0}-torsor and therefore has
a well-defined topology induced by the topology on trop−1{0}. It could also be defined
analogously to the topology of the fiber over 0 using tilted group rings.
3 Parametrized Rational Curves and their Moduli Spaces
In this section we will review the definitions of tropical and algebraic rational curves of
certain degree. We will show that the algebraic moduli space of curves can be embedded
into a torus in such a way that it tropicalizes to the tropical moduli space of curves and
that this respects the evaluation maps. Furthermore, we show that the algebraic evaluation
maps are induced by morphisms of tori. This will be the motivation for the abstraction of
the problem of relating algebraic and tropical enumerative numbers considered in the next
section.
3.1 Tropical Curves
An abstract (rational) tropical curve is a connected metric graph C = (V, E, `) of genus 0, V
being the set of vertices, E the set of edges, and ` : E→ R>0 ∪ {∞} a length function. The
edges adjacent to a 1-valent vertex are called legs, and we require that the legs are exactly
those edges with infinite lengths. All other edges are called bounded edges. The 1-valent
vertices should be imagined as the points at infinity of the unique leg incident to them and
will be called feet. All other vertices will be referred to as inner vertices. The interior part C◦
of C will denote the set of points of C not equal to a foot. As every leg should only have
one foot, we exclude the pathological case of graphs consisting of exactly 2 vertices. In that
way, every leg e ∈ E is incident to a unique inner vertex ve. If an abstract tropical curve
has a 2-valent vertex, we can replace it and the two edges incident to it by one edge of
adequate length. The resulting curve should obviously be considered isomorphic to the
original one. For this reason, we restrict our attention to abstract tropical curves without
2-valent vertices. The advantage of this is that in this way the category of abstract tropical
curves, whose morphisms are morphisms of the underlying graphs respecting the lengths,
induces the “correct” notion of isomorphisms.
If I is some finite index set, we define an I-marked tropical curve to be an abstract tropical
curve together with an injection I → E, i→ ei assigning a leg to every index in I. Of course,
morphisms of marked curves have to respect the markings. We denote by M0,I the space
of all I-marked tropical curves with exactly |I| legs, modulo isomorphisms.
The set M0,I can be identified with a tropical variety in the following way. For every
tropical curve (C, (ei)i∈I) ∈M0,I and pair of distinct indices i, j ∈ I there is a well-defined
distance distC(i, j) between the vertices vei and vej . We use these distances to define the
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tropical Plücker embedding which maps C to the point
pl(C) := (−distC(i, j)/2)(i,j) ∈ RD(I)/ ImΦ,
where Φ is the morphism
Φ : RI → RD(I), (xi)i 7→ (xi + xj)(i,j).
It follows from the results of [SS04, Thm. 4.2] and [GKM09, Thm. 3.7] that pl is an
embedding and that its image is a pure-dimensional fan satisfying the balancing condition
after giving weight 1 to all inclusion-maximal cones. Note that both, Speyer and Sturmfels,
and Gathmann, Kerber, and Markwig, consider slightly different embeddings. Namely,
they consider unordered pairs instead of ordered ones, and they leave out the factor −1/2
in front of the distances. Our reason to work with ordered pairs is that they are more
natural on the algebraic side, as we will see later. The factor −1/2 is included because
the lattice in RD(I)/ ImΦ used in [GKM09] is not the canonical one, which is induced
by ZD(I) ⊆ RD(I). It follows from [FR13, Example 7.2], where it is shown that M0,I is a
tropical matroid variety, that they instead use exactly 2 times the canonical lattice.
Now we want to define parametrized I-marked (rational) tropical curves. To do this,
we first need the notion of degree. Let T be a tropical torus, and J a finite set (disjoint
from I). Then every map ∆ : J → NT such that ∑j∈J ∆(j) = 0 is called a degree (in T with
index set J). A (labeled) parametrized I-marked (rational) tropical curve in T of degree ∆ is a
triple (C, (eλ), f) consisting of an L0 := I ∪ J-marked curve (C, (eλ)) and a map C◦ → T
which is linear on the edges (that is affine linear after identifying an edge e with [0, `(e)] if
it is bounded and with [0,∞) in case it is a leg) and satisfies the additional requirements
stated in the following. For each inner vertex v incident to an edge e there is a well-defined
direction v(v, e), which is the derivative of f|e when choosing the parametrization of e
starting at v . In case e is a leg, we also denote v(v, e) by v(e). We require that all these
direction vectors are in NT, and, furthermore, that at every inner vertex v the balancing
condition is fulfilled, that is
∑
e:v∈e
v(v, e) = 0.
Finally, we require that v(ej) = ∆(j) for all j ∈ J, and v(ei) = 0 for all i ∈ I. Morphisms of
parametrized curves should, of course, respect the maps into T. We denote by Mlab0,I (T,∆)
the set of all parametrized I-marked tropical curves in T of degree ∆ having exactly |L0|
legs, modulo isomorphisms.
For every i ∈ I there is an evaluation map evi : Mlab0,I (T,∆) → T which assigns to a
parametrized tropical curve the unique point in T to which ei is mapped.
We can identify Mlab0,I (T,∆) with a tropical variety in a similar way as M0,I . To do so, fix
i0 ∈ I. Then by [GKM09, Prop. 4.7] the map
pl× evi0 : Mlab0,I (T,∆)→ RD(L0)/ ImΦ× T,
is an embedding with image M0,L0 × T.
The most important situation for us is when T = Tr. In this case, we obtain a degree ∆d
for every d ∈ N by setting J = {0, . . . , r} × {1, . . . , d} and ∆((i, j)) = si, where si denotes
the image of the i-th standard basis vector of Rr+1 in Tr. By abuse of notation, we usually
just write d instead of ∆d. The reason why this case is of special importance is that Tr is
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the tropicalization of Tr, so that the tropicalization of an algebraic curve of degree d in Pr
which intersects the coordinate hyperplanes generically should intuitively be some tropical
curve of degree d in Tr.
3.2 Algebraic Curves
An abstract (rational) (algebraic) curve is a curve isomorphic to P1. If I is a finite index set,
then an I-marked abstract curve is is constituted by an abstract curve C together with an
injective map I → C. In the same vein as in the tropical case we continue with the definition
of parametrized I-marked (rational) curves in Pr of certain degree. In the algebraic setting,
as degree we allow elements in A1(Pr) ∼= Z. For d ∈ Z, a parametrized I-marked (rational)
curve in Pr of degree d consists of an I-marked abstract curve C together with a morphism
f : C → Pr such that f∗[C] = d. It can be shown that there is a moduli space M0,I(r, d)
whose points correspond bijectively to isomorphism classes of theses curves. It is easily
seen that for i ∈ I there are natural evaluation maps
evi : M0,I(r, d)→ Pr
assigning to a parametrized I-marked curve the image of the i-th marked point, and again
it can be shown that these maps are in fact morphisms of algebraic varieties. With these
maps, counting curves through given distinct points p1, . . . , pn ∈ Pr is, morally speaking,
the same as determining the number of elements of
ev−11 {p1} ∩ · · · ∩ ev−1n {pn} ⊆ M0,n(r, d), (1)
given, of course, that there are only finitely many.
We would like to count curves using tropical methods, that is we would like to replace
the evaluation maps evi in Expression 1 by the tropical evaluation maps evi, the moduli
space M0,n(r, d) by the tropical moduli space Mlab0,n(r, d), and the points by appropriate
points in Tr. Of course, it is by no means clear that the tropical enumerative numbers
arising this way are equal to the algebraic ones. On the contrary, it is a deep result first
proven in [Mik05], at least for plane curves. We want to reprove this statement by relating
the algebraic and tropical enumerative problems via the tropicalization map. For this to
work, we need to find an embedding of M0,n(r, d) into some torus such that Mlab0,n(r, d) is
its tropicalization. However, this cannot be expected to work for two reasons: first, the
curves described by M0,n(r, d) map into projective r-space Pr, whereas the tropical curves
map into Tr, which corresponds to Tr. Therefore, it is unclear how to tropicalize the points
in the boundary of Pr. Second, tropical curves comprise labels of additional ends, whereas
algebraic curves lack this structure. These shortcomings can be remedied in a single step
as we will see in the following.
A general curve C = (C, (pi)i∈I , f ) in M0,I(r, d) is expected to intersect the coordinate
hyperplanes Hi = {xi = 0} of Pr in exactly d unmarked points each, and no point of
the curve is supposed to lie in more than one of those hyperplanes. Hence there are
d(r + 1) distinct points pij ∈ C, for (i, j) ∈ J := {0, . . . , r} × {1, . . . , d} such that f−1Hi
consists exactly of the points pi1 . . . pid. The images f (pij) are exactly those points where
the curve f (C) meets the boundary divisors of the toric variety Pr, so the points pij should
correspond to the feet of the tropicalization of the intersection of f (C) with the torus
Tr ⊆ Pr. This motivates the definition of a labeled parametrized I-marked (rational) curve in
Pr of degree d as an L0 = I ∪ J-marked parametrized curve C = (C, (pλ)λ∈L0 , f ) in Pr of
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degree d such that f−1Hi = {pij | 1 ≤ j ≤ d}. We denote by Mlab0,I (r, d) ⊆ M0,L0(r, d) the
set of all isomorphism classes of these labeled curves. Note that for i ∈ I the evaluation
maps evi : M0,L0(r, d)→ Pr induce evaluation maps evi : Mlab0,I (r, d)→ Tr.
3.3 Tropicalizing Mlab0,I (r, d)
Now we want to show that Mlab0,I (r, d) is the right algebraic object to study, that is that
it tropicalizes onto Mlab0,I (r, d) in a way respecting the evaluation maps. We first need to
find a suitable embedding of Mlab0,I (r, d) into an algebraic torus. To make the transition
from algebraic to tropical geometry as clear as possible we use the same notation as
in 3.1, that is we choose an element i0 ∈ I and write L0 = I ∪ J (where we still denote
J = {0, . . . , r}× {1, . . . , d}). Let C = (C, (pλ)λ∈L0 , f ) ∈ Mlab0,I (r, d). As C is only well defined
up to isomorphisms we can assume C = P1, in which case we can write pλ = (bλ : aλ)
in homogeneous coordinates for appropriate aλ, bλ ∈ K. Since the curve has degree d,
the morphism f is given by r + 1 homogeneous polynomials f0, . . . , fr of degree d. The
fact that f−1Hi = {pi1, . . . , pid} implies that fi is of the form fi = ci ∏1≤j≤d(aijx − bijy)
for some ci ∈ K∗. Because pi0 is not mapped to any Hi it follows that f is completely
determined by the pij and evi0(C). Let U ⊂ (P1)L0 be the complement of the big diagonal,
that is the set of L0-tuples of distinct points in P1. By what we just saw, there is a surjection
ϕ : U ×Tr → Mlab0,L0(r, d) mapping an element ((pλ)λ∈L0 , P) to the curve (P1, (pλ)λ∈L0 , f ),
where f is the unique morphism mapping pij into Hi and pi0 to P. If we consider the action
of GL(2) on U ×Tr induced by the diagonal action on (P1)L0 , it is immediate that this
surjection induces an identification of Mlab0,I (r, d) with U ×Tr/ GL(2).
By the Gelfand-MacPherson correspondence [GM82] the quotient U/ GL(2) is in bijection
with the subset G0(2, L0) of the Grassmannian G(2, L0) consisting of all lines that do not
pass the intersection of two coordinate hypersurfaces, modulo the canonical action of the
torus GL0m . Let us quickly review the bijection: An orbit x in U/ GL(2) is represented by
a tuple (pλ)λ∈L0 . For each of the pλ we take a representation (bλ : aλ) in homogeneous
coordinates. Writing these coordinates into the columns of a matrix we obtain a 2× L0-
matrix of rank 2. This matrix gives us coordinates for a point in G0(2, L0). The Gelfand-
MacPherson correspondence takes x to the orbit of this point.
Now we consider the Plücker embedding of G(2, L0) into PKD(L0). Notice that here we
do not use the usual Plücker embedding, which involves only one coordinate per minor,
but we get each minor twice with opposite signs. In this way we do not need to choose
any signs for the minors. The GL0m -action on G(2, L0) can be extended to PKD(L0) by setting
(xλ).(p(λ,µ)) = (xλxµp(λ,µ)). The torus TKD(L0) is invariant with respect to this action, and
the induced action on it is induced by the morphism of tori given by (xλ)λ 7→ (xλxµ)(λ,µ).
The quotient TKD(L0)/GL0m is an algebraic torus again, and since the action on TKD(L0) is
induced by the natural GL0m -action on G
D(L0)
m it is equal to the quotient G
D(L0)
m /G
L0
m . Thus
we have obtained an embedding of Mlab0,I (r, d) into the torus G
D(L0)
m /G
L0
m ×Tr.
This embedding can be used to compute a tropicalization of Mlab0,I (r, d). Actually, the
result is well-known: Mlab0,I (r, d) is equal to the image in TK
D(L0)/GL0m of the Plücker-
embedding of G0(2, L0) into TKD(L0), times Tr. Hence its tropicalization is equal to
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M0,L0 ×Tr by [SS04, Thm. 3.4], which in term is equal to Mlab0,I (r, d) by [GKM09, Prop.
4.7]. We see that the tropicalization of Mlab0,I (r, d) is exactly its tropical analogue. However,
to really be sure that we have chosen the correct torus embedding we need to show
that tropicalization commutes with evaluation maps. We begin by constructing a natural
candidate for the tropicalization of a given curve C = (C, (pλ)λ∈L0 , f ) in Mlab0,I (r, d), which
will be seen to be the tropical curve corresponding to the tropicalized Plücker coordinates
of C. For this we assume that we are given a representative of C in standard form, that is that
C = P1 and pi0 = (0 : 1). Our construction is a generalization of [Och13, Constr. 2.2.20]
to general valued fields. It works for parametrized curves in arbitrary toric varieties, as
explained in Section 5, yet we will restrict ourselves to curves in projective space here to
reduce the amount of notation.
Construction 3.1. Let C = (P1, (pλ)λ∈L0 , f ) be a labeled parametrized I-marked curve
in Pr of degree d in standard form. We will construct a parametrized I-marked tropical
curve in Tr of degree d as a candidate for the tropicalization of C. Since C is in standard
form we have pi0 = (0 : 1). Because all marked (resp. labeled) points are distinct, there
are unique aλ ∈ K∗ such that pλ = (1 : aλ) for λ 6= i0. Furthermore, suppose that
evi0(C) = f (pi0) = (c0 : · · · : cr).
For each nonempty A ∈ P(L) \ {∅} in the power set of L := L0 \ {i0} we define
ν(A) = min{ν(aµ − aλ) | λ, µ ∈ A} ∈ R ∪ {∞}. We define a partial order on P(L) \ {∅}
by letting A  B if and only if A ⊆ B and ν(A) = ν(B). Let V ⊆ P(L) \ {∅} be the set
of all maximal elements with respect to this order. Note that all singletons belong to V.
Ordering V by inclusion, we obtain another partially ordered set. We make it into the
underlying set of a graph G by connecting two elements of V if and only if one covers
the other. As L is greater than every other element of V, there is a path in G between any
vertex v ∈ V and L. This shows that G is connected. Even more, G is a tree: If A, B are two
subsets of L with nonempty intersection, then it follows from the valuation properties that
ν(A ∪ B) = min{ν(A), ν(B)}. Thus we either have A  A ∪ B or B  A ∪ B. If both A and
B are in V then it follows from the definitions that either A ⊆ B or B ⊆ A. In particular,
every vertex v 6= L is covered by precisely one element in V. This shows that G has exactly
|V \ {L}| = |V| − 1 edges, which implies that it is a tree.
We make G into an abstract tropical curve C by giving an edge e = {v ⊂ w} the length
`(e) = ν(v)− ν(w) and attaching an extra foot {i0} along a leg to L. This curve is L0-
marked in a canonical way. We use C to construct a labeled parametrized I-marked tropical
curve in Tr of degree d. All there is left to do is to define the morphism f : C◦ → Tr. To do
so, let us introduce some more notation. Let pi : J → {0, . . . , r} be the projection onto the
first coordinate. Furthermore, denote by si the image of the i-th standard basis vector of
Rr+1 in Tr. For every subset A ⊂ L0 we define
sA :=
r
∑
i=0
|pi−1{i} ∩ A|si. (2)
Let v ∈ V be an inner vertex, and let L = v0, v1, . . . , vk = v be the vertices passed by the
unique path from L to v. We define
qv :=
r
∑
i=0
ν(ci)si +
k
∑
i=1
`({vi, vi−1})svi
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and use this to define f as the map C◦ → Tr which sends an inner vertex v to qv, interpolates
linearly on the bounded edges, and has direction sv on a leg with foot v. To ensure that this
really defines a tropical curve we need to check the balancing condition. It is immediate
that for any edge e = {v ⊂ w} in C we have v(w, e) = sv. If v is an inner vertex, and
w = v0, . . . , vk are the vertices adjacent to v, then v is the disjoint union of v1, . . . , vk. This
yields
k
∑
i=0
v(v, {v, vi}) = −sv +
k
∑
i=1
svi = −sv + s⋃i vi = 0,
that is the balancing condition is satisfied at v. For v = L there is no v0, but instead we
can use sL = 0 to see that the balancing condition is satisfied here as well. As our curve
has degree d by construction, we really obtained a labeled parametrized I-marked tropical
curve C of degree d. We denote it by CC := C and call it the corresponding tropical curve to C.
Example 3.2. Let K = C((t)) =
⋃
n∈ZC((t
1
n )) be the field of Puiseux series. Furthermore,
let I = {1, 2}, i0 = 1, and d = r = 2. We want to compute the corresponding tropical curve
to the curve C in standard form which is given by
c0 = 1+ t a01 = t−2 + 1 a11 = t−1 a21 = t−2
c1 = 2t−2 + 3t a02 = 2 a12 = 2+ t + 4t3 a22 = 2+ t
c2 = t−1 + t a2 = 2+ t + 4t3 − t4
in the notation of the preceding construction. We can easily determine the elements
of V using the following three observations. First, the real numbers which are of the
form ν(v) for some v ∈ V are exactly those which are equal to ν(aλ − aµ) for some
λ, µ ∈ L. Second, whenever v ∈ V and λ ∈ v we can reconstruct v from λ and ν(v) since
v = {µ ∈ L | ν(aλ − aµ) ≥ ν(v)}. Finally, for every r ∈ R ∪ {∞} and λ ∈ L we have
{µ ∈ L | ν(aλ − aµ) ≥ r} ∈ V.
We begin by computing the set R := {ν(aλ − aµ) | λ, µ ∈ L}. In our example case it
is equal to {−2,−1, 0, 1, 3, 4,∞}. We will obtain all elements of V if we determine the
equivalence classes under the equivalence relations
λ ∼r µ :⇔ ν(aλ − aµ) ≥ r
for r ∈ R. Of course, it is advisable not to treat the computations of L/∼r for different r as
independent problems. Sorting the elements of R in an ascending order and computing
the valuations of the vertices along the way will speed up the process considerably. In our
example, we start with r = −2 and, of course, obtain the vertex L which has valuation
−2. Then we continue with r = −1, where we obtain the two vertices {(0, 1), (2, 1)} and
{(1, 1), (0, 2), (1, 2), (2, 2), 2} with valuations 0 and −1, respectively. That {(0, 1), (2, 1)}
has valuation 0 tells us that it will also appear as equivalence class for r = 0, the others
being {(1, 1)} and {(0, 2), (1, 2), (2, 2), 2} with valuations ∞ and 1, respectively. Continuing
like this, we see that we get the abstract tropical curve depicted in Figure 1 on the left.
The lengths of the bounded edges can be computed directly from the valuations of their
vertices. The directions of the edges can be read off from their vertices themselves. The
image of CC is also depicted in Figure 1. Interestingly, it looks like a union of two tropical
lines, even though it is the tropicalization of an irreducible curve. In fact, the parametrized
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{1}
L
{(0, 1), (2, 1)}
{(0, 1)} {(2, 1)}
2 {(1, 1), (0, 2), (1, 2), (2, 2), 2}
{(1, 1)}
{(0, 2), (1, 2), (2, 2), 2}
{(0, 2)}
{(1, 2), (2, 2), 2}
{(2, 2)}
{(1, 2), 2}
{(1, 2)} {2}
1
2
2
1
−2
−1
0
1
2
3
4
∞
Valuation
1
(0, 1)
(2, 1)
(1, 1)
(0, 2)
(2, 2)
2 (1, 2)
Figure 1: The abstract tropical curve of CC and its image in {0} ×R2 ∼= T3
tropical curve CC can be considered as two 1-marked tropical curves of degree 1, glued
together along a contracted edge.
The following proposition will show that the corresponding tropical curve to an algebraic
curve (in standard form) corresponds to it via tropicalization.
Proposition 3.3. Let C = (P1, (pλ)λ∈L0 , f ) be a curve in Mlab0,I (r, d) in standard form. Then the
point corresponding to CC in Mlab0,I (r, d) is the tropicalization of the point in M
lab
0,I (r, d) correspond-
ing to C.
Proof. We will use the same notation as in Construction 3.1. First, we compute the
coordinates of C. By the procedure described at the beginning of this subsection, we
need to consider the Plücker coordinates corresponding to the 2× L0 matrix whose λ-
th column is equal to (0, 1)t if λ = i0, and (1, aλ)t else. We get Plücker coordinates
by taking the 2× 2 minors of this matrix. The minor d(λ,µ) corresponding to a pair of
distinct indices λ, µ ∈ L0 is equal to ±1 if λ or µ is equal to i0, and equal to aµ − aλ else.
The point in GD(L0)m /G
L0
m × Tr corresponding to C in the torus embedding of Mlab0,I (r, d)
is represented by
(
(d(λ,µ))(λ,µ), (ci)0≤i≤r
)
. This tropicalizes to the vector represented by(
ν(d(λ,µ))(λ,µ), (ν(ci))0≤i≤r
)
in RD(L0)/ ImΦ×Tr, where Φ is the morphism Φ : RL0 →
RD(L0) : (xλ)λ 7→ (xλ + xµ)(λ,µ) (see Subsection 3.1).
To compute the point in RD(L0)/ ImΦ×Tr corresponding to CC = (C, (eλ), f) we need
to compute the distances of the legs. To shorten the notation, we write vλ := veλ for the
inner vertex incident to eλ. For every pair of distinct indices λ, µ the distance distC(λ, µ)
is, by definition, equal to the distance between vλ and vµ. If λ = i0, we have vλ = L and
thus distC(λ, µ) = ν(vµ)− ν(L). Similarly, we get that distC(λ, µ) = ν(vλ)− ν(L) if µ = i0.
Else, let v{λ,µ} be the inclusion-minimal vertex containing {λ, µ}. Then
distC(λ, µ) = ν(vλ) + ν(vµ)− 2ν(v{λ,µ}) = ν(vλ) + ν(vµ)− 2ν(aµ − aλ)
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So if we define
d(λ,µ) =

(
ν(L)− ν(vµ)
)
/2 , if λ = i0
(ν(L)− ν(vλ)) /2 , if µ = i0
ν(aµ − aλ)−
(
ν(vλ) + ν(vµ)
)
/2 , else ,
the point pl× evi0(CC) ∈ RD(L0)/ ImΦ×Tr corresponding to CC is represented by the pair
((d(λ,µ))(λ,µ), (ν(ci))0≤i≤r). We may alter the vector (d(λ,µ)) by an element in the image of
Φ, without changing the represented point. In particular, we can add Φ(xλ), where we
define
xλ =
{
−ν(L)/2 , if λ = i0
ν(vλ)/2 , else .
The (λ, µ)-th coordinate of the resulting representative of pl(C) is equal to 0 = ν(d(λ,µ)), if
λ = i0 or µ = i0, and equal to ν(aµ − aλ) = ν(d(λ,µ)), else, yielding the desired result.
Next we will prove that evaluation commutes with tropicalization. This will be the key
step in making parametrized rational curves accessible to the methods developed in the
next Section.
Proposition 3.4. Let C = (P1, (pλ)λ∈L0 , f ) be a curve in Mlab0,I (r, d) in standard form with
corresponding tropical curve CC = (C, (eλ), f). Then f(C) ∩ Γν(Tr) = trop( f (C) ∩Tr) and for
every i ∈ I we have evi(CC) = trop(evi(C)).
Proof. Both parts of the statement are instances of the same question, namely how to give
a nice description of the tropicalization of a point f (1 : a) for a ∈ K. We will acquire
such a description while proving that trop( f (C) ∩Tr) is a subset of f(C) ∩ Γν(Tr). So let
x = trop( f (p)) for some p ∈ P1 not equal to any of the pij. If p = pi0 = (0 : 1), then
trop( f (p)) = f(L). Thus we can assume p = (1 : a) for some a ∈ K. The image f (1 : a) of
p in Pr is represented by (
c0
d
∏
i=1
(a− a0i), . . . , cr
d
∏
i=1
(a− ari)
)
,
where we use the same notation as in Construction 3.1. Therefore, the tropicalization
trop( f (p)) is represented by(
ν(c0) +
d
∑
i=1
ν(a− a0i), . . . , ν(cr) +
d
∑
i=1
ν(a− ari)
)
.
Let r1 < · · · < rk be the elements of {ν(a− aλ) | λ ∈ J}, and for each 1 ≤ i ≤ k define
Di = {λ ∈ J | ν(a− aλ) ≥ ri}. Then the expression above can be written as
r
∑
i=0
ν(ci)si +
k
∑
i=2
(ri − ri−1)sDi ,+ r1sD1︸ ︷︷ ︸
=0
, (3)
where sD1 = 0 because it is represented by d-times the all one vector. Let vi ∈ V be the
inclusion-minimal vertex containing Di. In order to prove that trop( f (p)) is the image of a
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point of C on the path from L to vk we will collect some properties of the vi. First of all,
the choice of vi ensures that vi ⊇ vj for i ≤ j. Moreover, it follows immediately from the
definition of V that ν(vi) = ν(Di) for every 1 ≤ i ≤ k. Using the valuation properties of ν
we also see directly that ν(Di) ≥ ri for all i. We claim that for i < k we even have equality.
Assume the opposite, in which case ν(Di) > ri. Let λ ∈ Di such that ν(a− aλ) = ri, and
let µ ∈ Dk. Then on the one hand we have
ν(aλ − aµ) ≥ ν(Di) > ri = ν(a− aλ),
and hence ν(a− aµ) = ri by the valuation properties, whereas on the other hand we have
ν(a− aµ) = rk by choice of µ, which obviously contradicts the fact that ri 6= rk.
Next we show that vi ∩ J = Di. One inclusion is clear, so let λ ∈ vi ∩ J, and choose an
arbitrary µ ∈ Di. We obtain
ν(a− aλ) = ν((a− aµ) + (aµ − aλ)) ≥ min{ν(a− aµ), ν(aµ − aλ)}.
As ν(a − aµ) ≥ ri by the definition of Di, and ν(aµ − aλ) ≥ ν(vi) = ν(Di) ≥ ri, this
minimum is greater or equal to ri, proving that λ ∈ Di.
Now we show that for any 1 ≤ i < k, there does not exist a vertex v ∈ V such
that vi ) v ⊇ vi+1 and v ∩ J ) vi+1 ∩ J = Di+1. We assume the opposite again. Let
λ ∈ v ∩ J \ vi+1, and let µ ∈ Di+1 arbitrary. By choice of λ we have λ ∈ Di \ Di+1, and
hence ν(aλ − a) = ri. Furthermore, ν(a− aµ) ≥ ri+1 > ri. Thus, ν(aλ − aµ) = ri by the
valuation properties. But both λ and µ are in v, leading to the contradiction
ri = ν(aλ − aµ) ≥ ν(v) > ν(vi) = ri.
Let L = w0 ) w1 ) · · · ) wl = vk be the path from L to vk, and for 1 ≤ i ≤ k let ji
denote the index such that wji = vi. Furthermore, let s be the maximal index such that
ν(ws) < rk. Since ν(vk) ≥ rk, and ν(vk−1) < rk we have jk−1 ≤ s < l and
0 < rk − ν(ws) ≤ ν(ws+1)− ν(ws) = `({ws, ws+1}).
Using all of this we can rewrite the second summand in Expression 3 as
k
∑
i=2
(ri − ri−1)sDi =
k−1
∑
i=2
(ν(vi)− ν(vi−1))sDi + (rk − ν(vk−1))sDk
=
k−1
∑
i=2
ji
∑
j=ji−1+1
`({wj−1, wj})swi +
s
∑
j=jk−1+1
`({wj−1, wj})swj
+ (rk − ν(ws))sws+1 .
Adding ∑i ν(ci)si to both sides we get that
trop( f (p)) = qws + (rk − ν(ws)) v(ws, {ws, ws+1}),
and this clearly is the image under f of a point on the edge from ws to ws+1.
We have just seen how to construct a point p ∈ C◦ for a given point p ∈ P1 such
that trop( f (p)) = f(p). Let us apply this construction to the case when p = pι for
some ι ∈ I \ {i0} before proving the other inclusion f(C) ∩ Γν(Tr) ⊆ trop( f (C) ∩ Tr).
With the notations as above, let λ ∈ Dk, and let v ∈ V be the inclusion-minimal vertex
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containing {ι,λ}. It has valuation ν(v) = ν({ι,λ}) = rk, and since ws+1 ∩ v 6= ∅ we
either have ws+1 ⊆ v or v ⊆ ws+1. Because ν(ws+1) ≥ rk by construction, we must have
ws+1 ⊆ v. If v strictly contained ws+1, then it would also contain ws and therefore satisfy
rk = ν(v) ≤ ν(ws) < rk, a contradiction! We deduce that v = ws+1 and hence that
ν(ws+1) = rk and ι ∈ ws+1. Furthermore, we claim that ws+1 is inclusion-minimal with
the property of containing {ι} and having nonempty intersection with J. Assume the
opposite, that is that there exists a vertex ι ∈ u ∈ V with u ( ws+1 and u ∩ J 6= ∅. Then for
every µ ∈ u ∩ J we have ν(aι − aµ) ≥ ν(u) > ν(ws+1) = rk, which is a contradiction by the
construction of rk! This proves that
evι(CC) = f(ws+1) = trop( f (pι)) = trop(evι(C))
for ι ∈ I \ {i0}, and since it is trivially true for ι = i0 we even get the equality evι(C) =
trop(evι(C)) for all ι ∈ I.
We continue to prove the equality f(C) ∩ Γν(Tr) = trop( f (C) ∩ Tr). Let p be a point
in f(C) ∩ Γν(Tr). Then it is of the form p = qv + t v(v, {v, w}) for an appropriate edge
{v ⊃ w} and some t ∈ Γν with 0 < t ≤ ν(w)− ν(v). If J ⊆ w, then p = trop( f (pi0)) and
we are done, so assume w ∩ J ( J. After replacing w by some vertex on the path from w to
L we can also assume that w ∩ J 6= ∅.
In the proof of the other inclusion we have seen that we have to construct an a ∈ K such
that r := max{ν(a− aλ) | λ ∈ J} is equal to ν(v) + t, and the set D := {λ ∈ J | ν(a− aλ) ≥
r} is contained in w. To do this, choose µ ∈ w ∩ J. Because ν(aµ − aλ) ≥ ν(v) + t for all
λ ∈ w ∩ J, and κ is infinite, there exists a ∈ K such that ν(a + aµ − aλ) = ν(v) + t for all
λ ∈ w ∩ J. We claim that a := a + aµ has the desired properties. By construction of a, we
have
ν(a− aλ) = ν(a + aµ − aλ) = ν(v) + t
for all λ ∈ w ∩ J. On the other hand, if λ ∈ J \ w, then ν(aµ − aλ) = ν(w ∪ {λ}). This is
equal to the valuation of a vertex which strictly contains w, and therefore contains v. In
particular, we have ν(aµ − aλ) ≤ ν(v) < ν(v) + t, and thus
ν(a− aλ) = ν(a + aµ − aλ) < ν(v) + t.
As a consequence, we have r = ν(v) + t and D = w ∩ J ⊆ w. With what we saw in the
proof of the other inclusion this yields p = trop( f (1 : a)).
Example 3.5. We want to apply the method described at the beginning of the preceding
proof to compute a point p in the corresponding tropical curve of the curve of Example 3.2
such that f(p) = trop(1 : 2+ t + t2). We have
{ν(2+ t + t2 − aλ) | λ ∈ J} = {−2,−1, 1, 2},
that is in the notation of the preceding proof we have k = 4 and ri, Di and vi as follows:
i 1 2 3 4
ri −2 −1 1 2
Di J {(1, 1), (0, 2), (1, 2), (2, 2)} {(0, 2), (1, 2), (2, 2)} {(1, 2), (2, 2)}
vi L = J ∪ {2} D2 ∪ {2} D3 ∪ {2} D4 ∪ {2}
ν(vi) −2 −1 1 3
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Note that we can easily read off the vi from Figure 1. The path L = w0 ) · · · ) wl = vk
just consists of the vi in this example, that is l = 3 and wi = vi+1. The largest index s such
that ν(ws) < rk is equal to 2. We conclude that the construction yields a point on the edge
from v3 to v4. More precisely, because rk − ν(v3) = 1 = 12 `({v3, v4}) the point is exactly in
the middle of that edge and, as can be seen in Figure 1, mapped to (0 : 0 : 0).
Because every algebraic curve is equivalent to one in standard form, Propositions 3.3
and 3.4 yield the following corollary.
Corollary 3.6. For every i ∈ I the diagram
Mlab0,I (r, d) T
r
Mlab0,I (r, d) T
r
trop trop
evi
evi
is commutative.
We finish this section with another result on the evaluation maps.
Proposition 3.7. For every ι ∈ I the evaluation map evι : Mlab0,I (r, d)→ Tr can be extended to a
morphism of tori evι : G
D(L0)
m /G
L0
m ×Tr → Tr.
Proof. The morphism of tori
G
D(L0)
m ×Tr → Tr(
(d(λ,µ)), (ci)0≤i≤r
)
7→
(
ci
d
∏
j=1
d((i,j),ι)
d((i,j),i0)
)
0≤i≤r
obviously induces a morphism evι : G
D(L0)
m /G
L0
m × Tr → Tr. All there is left to show
is that it coincides with evι on Mlab0,I (r, d). So let C = (P1, (pλ), f ) be a representative in
standard form of a point in Mlab0,I (r, d). Using the notation of Construction 3.1, the proof of
Proposition 3.3 shows us that C is represented by the point ((d(λ,µ)), (ci)) ∈ GD(L0)m ×Tr,
where d(λ,µ) is equal to −1 if λ = i0, equal to 1 if µ = i0, and equal to aµ − aλ else. Thus
evι(C) is represented by
(
ci ∏dj=1(aι − aij)
)
0≤i≤r
. This is exactly f (1 : aι), which is equal to
evι(C) by definition.
4 Relating Algebraic and Tropical Enumerative Geometry
We have seen in the previous section that the problems of counting algebraic curves and
tropical curves are very closely related. In fact, given the formulation of the classical
problem as the determination of the number of points in intersections of preimages of
generic points via the evaluation maps, we obtain the tropical problem by tropicalizing the
moduli space and the evaluation maps and then formulating the same problem. The fact
that the tropicalization of the algebraic moduli space is again a moduli space in the tropical
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world is, of course, more than a mere coincidence, but this knowledge is not needed to
pose the tropical enumerative problem. So a natural abstraction of the problem of relating
an algebraic and tropical enumerative problem consists of
• A subscheme M of an algebraic torus T, and
• evaluation maps evi : M → Ti for 1 ≤ i ≤ n into algebraic tori Ti, which extend to
morphisms evi : T → Ti of algebraic tori.
After possibly passing to subtori of the Ti we can assume that the morphisms evi are
dominant. Note that morphisms of tori are dominant if and only if they are surjective if
and only if they are flat.
Tropicalizing the given algebraic objects we obtain
• A tropical subvariety M = Trop(M) of a tropical torus T = Trop(T), and
• evaluation maps evi : M → Ti for 1 ≤ i ≤ n into tropical tori Ti = Trop(Ti), which
extend to morphisms Trop(evi) = evi : T→ Ti of tropical tori.
The fact that the evi are dominant implies that the corresponding tropical morphisms evi
are surjective.
In this situation, we want to prove that for an appropriate number n of generic points
pi ∈ Ti the number of points in M mapped to pi by evi for all i is finite and equal
to the number of points, counted with the appropriate multiplicities, in M mapped to
pi := trop(pi) by evi for all i. As we want to define the occurring multiplicities intersection-
theoretically, the natural claim is that
| ev−11 {p1} ∩ · · · ∩ ev−1n {pn}| = deg(ev∗1 [p1] · · · ev∗n[pn] ·M) (4)
is fulfilled for generic pi. By generic we mean that for every point p = (pi) ∈ Γν(∏i Ti)
there is a subset of trop−1{p} which is dense in ∏i Ti such that the equation holds for
every point p = (pi) in this set.
It seems curios that “counting” in algebraic geometry translates to “counting with
multiplicities” in tropical geometry. The reason for this is that even though the intersection
ev−11 {p1} ∩ · · · ∩ ev−1n {pn} is finite and reduced for generic pi, we cannot assure that all of
its points tropicalize to distinct points of T. But if several points tropicalize to the same
point p, it is only natural to count p with multiplicity greater 1. In fact, we will show that
for generic points pi the multiplicity of any point of ev∗1 [p1] · · · ev∗n[pn] ·M is exactly the
number of points in ev−11 {p1} ∩ · · · ∩ ev−1n {pn} having it as tropicalization.
To make the analogy between algebraic and tropical enumerative geometry even more
visible, let us assume for a moment that M is the moduli space of parametrized rational
curves. In the modern treatment of the subject, the study of the number on the left
hand side of Equation 4 usually uses a modular compactification M of M to which the
evaluation maps can be extended. After using a Bertini argument to show that the set
ev−11 {p1} ∩ · · · ∩ ev−1n {pn} is finite, reduced, and contained in M for a generic choice of
the pi, one can use intersection theory on M to show that its cardinality is independent of
the choice of points and equal to
deg(ev∗1 [p1] · · · ev∗n[pn] ·M).
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This is clearly analogous to the expression on the right hand side of Equation 4. The only
difference between the two expressions, except the use of different fonts, reveals one of the
big advantages of passing to the tropical world: in tropical geometry we do not need to
compactify the moduli space because intersection products and pull-backs are well-defined
as tropical cycles. And even if we allow rational equivalence we can still take degrees of
cycle classes. This allows us to move the points into special positions without having to
deal with the often very difficult task of finding a suitable modular compactification of the
moduli space.
To prove the equality in Equation 4 we will need several auxiliary statements. We start
by showing that in the simplest case where M = T, and we only have one evaluation map,
taking inverse images commutes with tropicalization.
Proposition 4.1. Let f : T → T′ be a dominant morphism of algebraic tori and f : T → T′ its
tropicalization. Furthermore, let X ⊆ T′ be a pure-dimensional subscheme of T′. Then
Trop( f−1X) = f∗ Trop(X),
that is tropicalization commutes with flat pull-back.
Proof. Let M and M′ denote the character lattices of T and T′, respectively. Since f is
dominant, the induced morphism f ∗ : M′ → M is injective and we can assume that M′ is
a subgroup of M. Let M˜ denote the saturation of M′ in M. Then the inclusion M′ ↪→ M
factors through M˜, that is f ∗ is the composite of the inclusions M′ ↪→ M˜ and M˜ ↪→ M.
Denoting the torus associated to M˜ by T˜ = Spec(K[M˜]), we see that we can write f as the
composite of two dominant morphism T → T˜ and T˜ → T′ of which the first one splits and
the second one is finite. As both the algebraic and the tropical pull-backs are functorial, it
suffices to assume that f is either finite or splits.
First suppose that f splits. In this case, we can assume that T = T′ × T for some
torus T, and f is the projection onto the first coordinate. Then f−1X = X × T and,
writing Trop(T) = T, it is immediate that the underlying set of its tropicalizations is
equal to |Trop(X)| × T, which is the underlying set of the pull-back of Trop(X). As for
multiplicities, let t = (t′, t) ∈ T× T. After an appropriate extension of scalars we may
assume that there is a t = (t′, t) ∈ T′ × T that tropicalizes to t. The pull-back of t′−1X
along f is equal to t−1( f−1X). Together with the flatness of f this implies int( f−1X) ∼=
f−1κ (int′(X)) by [Gub13, Cor. 4.5], where fκ is the induced morphism Tκ → T′κ between
the initial degenerations of the tori. Because flat pull-backs are compatible with pulling
back subschemes ([Ful98, Lemma 1.7.1]), the sum of the multiplicities of the components
of int( f−1X) is equal to the sum of the multiplicities of the components of int′(X). Since
these sums are, by definition, the multiplicities of the tropicalizations of f−1X and X at t
and t′, respectively, we get the desired result that f∗ Trop(X) = Trop(X)×T = Trop( f−1X)
as tropical cycles.
Now suppose that f is finite. Then its degree is equal to the index [M : M′]. By
[Ful98, Ex. 1.7.4] the push-forward of the cycle associated to f−1X is equal to f∗[ f−1X] =
f∗( f ∗[X]) = [M : M′] · [X]. Now we tropicalize this equation. As the tropicalization of
a torus subscheme is equal to the tropicalization of its associated cycle [Gub13, Remark
13.12] and tropicalization commutes with push-forward [Gub13, Thm. 13.17] we get
f∗ Trop( f−1X) = [M : M′] · Trop(X). On the other hand, using tropical intersection theory
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we obtain the equation
f∗f∗ Trop(X) = f∗(f∗ Trop(X) · T) = Trop(X) · f∗T =
= Trop(X) · ([M : M′] · T′) = [M : M′] · Trop(X),
where the second equality uses the projection formula [FR13, Thm. 8.3]. We see that
Trop( f−1X) and f∗ (Trop(X)) have the same push-forward under f. But since f is an
isomorphism of R-vector spaces, the push-forward f∗ : Z∗(T) → Z∗(T′) is injective. We
conclude that Trop( f−1X) = f∗ (Trop(X)), finishing the proof.
The preceding proposition shows that for every point p ∈ Ti we have the equality
Trop(ev−1i {p}) = ev∗i [trop(p)]. This is helpful, yet we are actually interested in evi rather
than in evi. We can recover ev−1i {p} from ev−1i {p} by intersecting with M. In a similar
vein, ev∗i [trop(p)] ·M is equal to ev∗i [trop(p)] ·M. So the equality we wish to have is
Trop(ev−1i {p} ∩M) = ev∗i [trop(p)] ·M. Unfortunately, this cannot be expected to be true
in general, because intersection and tropicalization do not always commute. However, as
shown in [OP13, Thm. 5.3.3], we actually get equality if we translate ev−1i {p} by a general
R-integral point t ∈ T. The translate t · ev−1i {p} is equal to ev−1i {evi(t)p}, which is the
pull-back of a translate of p. For this to be of use for us we need that evi(t) is a general
R-integral point of Ti, the problem of course being the generality. A positive answer to this
is provided by the following proposition.
Proposition 4.2. Let f : T → T′ be a dominant morphism of tori. Then the induced map
fR : T (R)→ T ′(R) between their respective R-integral points is open.
Proof. Let M and M′ denote the character lattices of T and T′, respectively. Then T(R)
is canonically in bijection with Hom(M, R∗) and, analogously, T ′(R) with Hom(M′, R∗).
Identifying Tκ(κ) and T′κ(κ) with Hom(M, κ∗) and Hom(M′, κ∗), respectively, we get a
commutative diagram
Hom(M, R∗) Hom(M′, R∗)
Hom(M, κ∗) Hom(M′, κ∗),
fR
r′r
fκ
with the vertical morphisms r and r′ being the reduction maps. We recall that the topology
on R-integral points is defined as the initial topology with respect to the reduction map.
Hence, to show the openness it is sufficient to prove that fκ is open and fR(r−1U) =
(r′)−1 fκ(U) for all open sets U ⊆ Hom(M, κ∗). The first of these assertions follows
immediately from fκ being a dominant morphism of tori over an algebraically closed field.
For the latter one it suffices to show that the map from Hom(M, R∗) into the set-theoretic
fiber product of Hom(M, κ∗) and Hom(M′, R∗) over Hom(M′, κ∗) is surjective. To show
this consider the commutative diagram
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Hom(M, 1+m) Hom(M, R∗) Hom(M, κ∗) 0
Hom(M′, 1+m) Hom(M′, R∗) Hom(M′, κ∗) 0
0 0 0.
It has exact rows because M and M′ are free, and the last two columns are exact since R∗
and κ∗ are divisible. If we can show that the first column is exact as well the rest of the proof
is just an easy diagram chase. Thus it suffices to show that 1+m is divisible. Let a ∈ 1+m
and n ∈ N. Then the polynomial xn − a ∈ R[x] factors in R[x] as (x − b1) · · · (x − bn)
for appropriate bi ∈ R, because K is algebraically closed and R is integrally closed in K.
Reducing modulo m yields xn − 1 = (x− b1) · · · (x− bn) in κ[x]. Plugging in 1 we get that
bi ∈ 1+m for some i. Hence a has an n-th root in 1+m, proving the desired divisibility.
We have seen so far that if p is a point in Ti and t ∈ Ti is a general element with
tropicalization 0, then Trop(ev−1i {t · p}) = ev∗i [trop(p)] ·M, that is pull-backs of general
points under an evaluation map commute with tropicalization. Looking back at Equation
4 this is exactly what we need, only that we need to consider several evaluation maps at
once. But with the result of the following lemma, the general situation can be handled
analogously.
Lemma 4.3. Let X1, . . . , Xn be subschemes of the torus T. Then for general R-integral points
(t2, . . . , tn) of Tn−1 we have
Trop (X1 ∩ t2X2 ∩ · · · ∩ tnXn) = Trop(X1) · · ·Trop(Xn).
Proof. For n = 2 this is just the statement of [OP13, Thm. 5.3.3]. To prove the general
case let ∆ : T → Tn be the diagonal embedding, which makes T a subscheme of Tn. It
corresponds to the diagonal embedding D : T→ Tn on the tropical side. By the n = 2 case,
for every general R-integral point t = (t1, . . . , tn) ∈ Tn we have
Trop(∆ ∩ t(X1 × · · · × Xn)) = Trop(∆) · Trop (X1 × · · · × Xn) .
Since ∆ ∩ t(X1 × · · · × Xn) is the push-forward of t1X1 ∩ · · · ∩ tnXn, and tropicalization
commutes with push-forwards, the term on the left hand side is equal to D∗(Trop(t1X1 ∩
· · · ∩ tnXn)). On the other hand, by [OP13, Prop. 5.2.2] the term on the right is equal
to D∗(Trop(X1) · · ·Trop(Xn)). Because D∗ is one-to-one, it follows that Trop(t1X1 ∩ · · · ∩
tnXn) = Trop(X1) · · ·Trop(Xn). After multiplying by t−11 we can assume that t1 = 1,
and Proposition 4.2 ensures that the resulting R-rational point (t2, . . . , tn) ∈ Tn−1 still is
generic.
Theorem 4.4. Using the notation introduced at the beginning of this section, let Pi ⊆ Ti be a
pure-dimensional closed subscheme of Ti with tropicalization Trop(Pi) = Pi. Then for generic
R-integral points (t1, . . . , tk) ∈ ∏i Ti we have
Trop(ev−11 (t1P1) ∩ · · · ∩ ev−1n (tnPn)) = ev∗1(P1) · · · ev∗n(Pn) ·M.
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In particular, if p = (p1, . . . , pn) ∈ Γν(∏i Ti), then for generic points p = (p1, . . . , pn) of
trop−1{p} we have
Trop
(
ev−11 {p1} ∩ · · · ∩ ev−1n {pn}
)
= ev∗1 [p1] · · · ev∗n[pn] ·M.
Proof. Proposition 4.1 and Lemma 4.3 tell us that for a generic R-integral point (s1, . . . , sn) ∈
Tn we have
Trop
(
s1 · ev−11 (P1) ∩ · · · ∩ sn · ev−1n (Pn) ∩M
)
= ev∗1(P1) · · · ev∗n(Pn) ·M. (5)
Let t = (t1, . . . , tn) = (ev1(s1), . . . , evn(sn)) ∈ ∏i Ti. Because all evaluation maps are
dominant we can apply Proposition 4.2 and see that t is again generic. Furthermore, the
left-hand side of Equation 5 is equal to
Trop
(
ev−11 (t1P1) ∩ · · · ∩ ev−1n (tnPn) ∩M
)
= Trop
(
ev−11 (t1P1) ∩ · · · ∩ ev−1n (tnPn)
)
.
As the right-hand side of Equation 5 is equal to ev∗1(P1) · · · ev∗n(Pn) ·M this proves the
main statement of the theorem.
For the “in particular” statement let p = (p1, . . . , pn) ∈ Γν(∏i Ti), and choose an arbitrary
s = (s1, . . . , sn) ∈ trop−1{p}. By what we already proved, we have
Trop
(
ev−11 {t1s1} ∩ · · · ∩ ev−1n {tnsn}
)
= ev∗1 [p1] · · · ev∗n[pn] ·M.
for generic t = (t1, . . . , tn) ∈ trop−1{0}. Since trop−1{p} is a trop−1{0}-torsor, the elements
of the form ts for generic R-rational points t are generic in trop−1{p}.
As a corollary to Theorem 4.4 we obtain the result that Equation 4 is indeed generally
true.
Corollary 4.5. With the notation as in the beginning of this section, assume that M is integral,
and dim(M) = ∑i dim(Ti). Then for every p = (pi) ∈ Γν(∏i Ti) there exists p = (pi) ∈ ∏i Ti
with trop(p) = p such that
| ev−11 {p1} ∩ · · · ∩ ev−1n {pn}| = deg(ev∗1 [p1] · · · ev∗n[pn] ·M),
and such that the multiplicity of every point q ∈ ∣∣ev∗1 [p1] · · · ev∗n[pn] ·M∣∣ is equal to the number of
points in ev−11 {p1} ∩ · · · ∩ ev−1n {pn} tropicalizing to it. Furthermore, the set of such p is dense
in ∏i Ti. More precisely, p can be any point in the intersection of a nonempty open subset of
trop−1{p} and a nonempty open subset of ∏i Ti.
Proof. Let p = (pi) ∈ ∏i Ti. Then by Theorem 4.4 there is a nonempty open subset
W ⊆ trop−1{q} such that
Trop(ev−11 {p1} ∩ · · · ∩ ev−1n {pn}) = ev∗1 [p1] · · · ev∗n[pn] ·M
for every (p1, . . . , pn) ∈ W. Using a Bertini-type argument, we find a dense open subset
U ⊆ ∏i Ti such that ev−11 {p1} ∩ · · · ∩ ev−1n {pn} is a reduced finite subscheme of M. By
[OP13, Thm. 4.2.5], every nonempty open subset of a fiber of the tropicalization map
trop : ∏ Ti → ∏Ti is dense in ∏ Ti. Hence W ∩U is dense in ∏ Ti, as well. The corollary
follows, since the tropicalization of a reduced finite subscheme of a torus is nothing but the
union of the tropicalizations of its points where each point has as multiplicity the number
of points tropicalizing to it.
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5 Applications
In this section we want to give applications of our results of the previous section. We will
start by revisiting our motivational example of labeled parametrized curves in projective
space. Because we already studied this case in detail in Section 3, and our correspondence
theorem was modeled after them, we immediately obtain the equality of their algebraic
and tropical enumerative numbers. However, it is rather restrictive only to consider curves
in projective space on the algebraic side and degree d curves in Tr on the tropical side.
Therefore, we generalize our results of Section 3 to the case of curves in arbitrary normal
toric varieties without torus factors in algebraic geometry, and curves of arbitrary degree
in arbitrary tropical tori in tropical geometry. Finally, we will give an application to the
problem of counting tropical lines in smooth tropical cubic surfaces and show that it is
possible to give a purely tropical definition of multiplicities on these lines which reflects
their relative realizability. In particular, the multiplicities of the lines on a given smooth
cubic surface add up to 27.
5.1 Rational Curves in Pr revisited
Let K be an algebraically closed valued field with characteristic 0, and let d, r and n be
positive integers such that nr = n + r + rd + d − 3. Take M = Mlab0,n(r, d), and for evi
the usual evaluation maps. Each of the evaluation maps is dominant as we can freely
choose where one of the marked points is mapped to. So by the choice of n, r, and d,
all requirements of Corollary 4.5 are fulfilled. We see that if p = (pi)i ∈ Γν(∏iTr) and
p = (pi)i ∈ ∏i Tr is generic and tropicalizes to p, then
| ev−11 {p1} ∩ · · · ∩ ev−1n {pn}| = deg(ev∗1 [p1] · · · ev∗n[pn] ·M), (6)
where M = Trop(M) and evi = Trop(evi). By Corollary 3.6 we have M = Mlab0,n(r, d) and
the evi are just the tropical evaluation maps. Thus Equation 6 states that the number of
labeled parametrized rational algebraic curves of degree d through the points pi is equal to
the number of labeled parametrized rational tropical curves of degree d through the points
pi, counted with multiplicities. Moreover, the multiplicity of a tropical curve C through
the pi is equal to the number of algebraic curves through the pi which tropicalize to C. In
the algebraic as well as in the tropical situation the number obtained in this way is not
equal to the number of (unlabeled) rational curves through the given points, because we
can label the same curve in different ways. But in both cases the number we are interested
in can be obtained from the result in the same way, namely by dividing by (d!)(r+1). So
to sum up, the number of rational curves in Pr of certain degree through an appropriate
number of points is equal to the number of rational tropical curves in Tr of the same
degree through the tropicalizations of these points, provided that we count them with the
correct multiplicities. This reproves the correspondence theorem of [NS06] in the special
case of curves in Pr.
In tropical geometry it is easy to see that the number of curves through given points
is independent from the choice of points. This is because taking pull-backs and taking
degrees both respect rational equivalence. So with our correspondence theorem we also see
that the number of algebraic curves through given points is independent from the choice
of the points, as long as they are generic. We have to be careful though, because in our
situation being generic always means that it holds for all points in open subsets of the
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fibers of the tropicalization map trop : ∏i Tr → ∏iTr. These sets are all dense in ∏i Tr,
yet this notion of generality differs from the usual one which demands that the points can
be chosen in some dense open subset of ∏i Tr. But if we equip K with the trivial valuation
these two notions of generality coincide and we get that for n generic points in Tr (in the
usual sense) the number of rational curves of degree d through them is equal to
(d!)−r−1 deg
(
ev∗1 [0] . . . ev
∗
n[0] ·Mlab0,n(r, d)
)
.
We see that if we are given an algebraic enumerative problem as described in Section
4 over an arbitrary field K (algebraically closed and of characteristic 0, of course) we can
equip K with the trivial valuation and apply Corollary 4.5. In this way we obtain the
independence of the enumerative number in question of the choice of generic points, and
also a way to compute this number tropically. This relieves us from the usually very
difficult task of compactifying the algebraic moduli space in a suitable manner. Knowing
that the enumerative information is completely encoded in the tropicalizations, one can
then proceed to compute the tropical enumerative numbers and get back the algebraic
ones. That reducing an algebraic enumerative problem to a tropical one really makes the
problem easier is, of course, not clear a priori. But results like Mikhalkin’s lattice path
algorithm to compute enumerative invariants of toric surfaces in [Mik05], or the purely
tropical proof of Kontsevich’s formula in [GM08], have shown that the chances are good.
Corollary 4.5 is only applicable for pull-backs of points, yet sometimes one wishes
to pull-back higher dimensional cycles as well. Under certain conditions we can apply
Theorem 4.4 to this situation as well. We illustrate this at the example of counting lines
with nonempty intersection with four given lines in P3. Let L1, . . . , L4 be four generic
lines in P3. As they are generic, they are not contained in any coordinate hyperplane.
Define Li := Li ∩T3. Again, as the chosen lines are generic, no line passes three of them
and intersects the fourth one in a point contained in one of the coordinate hyperplanes.
Therefore, the number of lines passing through all four lines can be directly deduced
from the number of elements in the intersection ev−11 (L1) ∩ · · · ∩ ev−14 (L4) ⊆ Mlab0,4 (3, 1).
Applying Theorem 4.4 we get that for generic R-integral points ti ∈ T3 we have
Trop
(
ev−11 (t1L1) ∩ · · · ∩ ev−14 (t4L4)
)
= ev∗1(L1) · · · ev∗4(L4) ·Mlab0,4 (3, 1),
where Li = Trop(Li). Proceeding as in the proof of Corollary 4.5, a Bertini-type argument
shows that for generic ti the subscheme ev−11 (t1L1) ∩ · · · ∩ ev−14 (t4L4) of Mlab0,4 (3, 1) is
reduced and finite, hence we get the desired equality∣∣∣ev−11 (t1L1) ∩ · · · ∩ ev−14 (t4L4)∣∣∣ = deg(ev∗1(L1) · · · ev∗4(L4) ·Mlab0,4 (3, 1)) .
This number seems to depend on the tropicalization of the four lines. However, since we
are only interested in general lines, we can assume that all four of them intersect the four
coordinate hyperplanes in four respective points. In this case, they all tropicalize to tropical
lines consisting of four rays in standard directions and possibly one bounded edge. All
those lines are rationally equivalent, proving the independence of the choice of generic
lines. Again, one needs to be careful what generic means, but one can always assume the
valuation to be trivial to obtain the usual sense of generality. Another important issue is
that in order to obtain information about the number of lines passing through four general
lines, it is essential that tiLi is a line again. That is, we need that the type of subscheme we
want to pull back is translation invariant.
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5.2 General Tropical Degrees and Relative Invariants
So far we only considered curves in projective space intersecting the coordinate hyperplanes
transversally, which correspond to tropical curves in Tr whose unbounded rays all have
standard directions. It is natural to ask if we can generalize our results and also allow
curves in general toric varieties intersecting the boundary divisors with multiplicities on
the algebraic side, and tropical curves with arbitrary degrees on the tropical side. As
we will see shortly, our results from Section 3 can be modified in a way that gives an
affirmative answer to this question.
Let Σ be a (rational, polyhedral, strongly convex) fan in a tropical torus T which is
spanned by the rays of Σ. On the algebraic side we will consider rational curves in the toric
variety X = XΣ associated to Σ, which intersect all torus orbits in the expected dimension,
whereas on the tropical side we will consider curves whose unbounded rays are, after
translating their initial points to the origin, contained in Σ(1), the set of rays of Σ. As in
the case of projective varieties we consider labeled curves, that is for a curve P1 → X we
will mark the preimages of the boundary divisors Dρ for rays ρ ∈ Σ(1). But in contrast to
our previous approach we will allow our curves to intersect the boundary divisors at the
labeled points with fixed multiplicity, possibly not equal to 1.
Because the curves under consideration do not intersect the torus orbits of codimension
greater 1, we may assume that Σ only consists of its rays and {0}. In particular, X is smooth
and each Dρ is a Cartier divisor. Hence, for every parametrized curve C = ( f : P1 → X)
there are pull-backs f ∗(Dρ) for all ρ ∈ Σ(1). Defining dρ := deg( f ∗(Dρ)), the relations of
the Dρ in Pic(X) entail that ∑ρ dρuρ = 0, where uρ = uρ/0 denotes the primitive lattice
vector of ρ. We call d := (dρ)ρ the degree of C. If we label the intersections of C with
the boundary divisors, that is the elements of
⋃
ρ f ∗(Dρ), with elements in a finite set
J, we obtain as additional data a map pi : J → Σ(1) indicating on which divisors the
labeled points lie, and a map ω : J → N>0 indicating the multiplicity with which the point
corresponding to j ∈ J intersects Dpi(j). The degree d can be reconstructed from the triple
(J,pi,ω) via the identity
dρ(J,pi,ω) := ∑
j∈pi−1{ρ}
ω(j) = dρ.
This motivates the definition of a tangency condition as a triple c = (J,pi,ω), where J is a
finite set and pi and ω are maps as above, such that
∑
ρ
dρ(c)uρ = 0.
The family d(c) := (dρ(c))ρ will be called the degree associated to c. Having established this
notion we can define the objects we want to consider:
Definition 5.1. Let c = (J,pi,ω) be a tangency condition and I a finite set disjoint from
J. As in Section 3 we set L0 := I ∪ J. A labeled parametrized I-marked (rational) curve in X
satisfying c is defined as a triple (C, (pλ)λ∈L0 , f ) consisting of an abstract rational curve
C, a family (pλ)λ of distinct points of C, and a morphism f : C → X whose image is not
contained in the boundary of X, and such that
f ∗(Dρ) = ∑
λ∈pi−1{ρ}
ω(λ)pλ
for all ρ ∈ Σ(1).
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We call two labeled parametrized I-marked curves isomorphic if there is an isomorphism
between their underlying abstract curves respecting the marks, labels, and the morphisms,
and denote by Mlab0,I (X, c) the set of isomorphism classes of labeled parametrized I-marked
curves in X satisfying c. In the following we will show that Mlab0,I (X, c) can be tropicalized
in a way analogous to Mlab0,I (r, d). First, let us see how to embed M
lab
0,I (X, c) into an
algebraic torus. In the case of curves in projective space we have used that every map
P1 → Pr of degree d is given by (r + 1) homogeneous polynomials of degree d. Now
that we work with more general toric varieties we can use the generalization of this result
[Cox95, Thm. 2.1] which says that every morphism P1 → X of degree d(c) is given
by a family of homogeneous polynomials ( fρ)ρ∈Σ(1) such that fρ has degree dρ(c) for
all ρ ∈ Σ(1). The condition that the (r + 1) homogeneous polynomials in the case of
morphisms into Pr must not vanish simultaneously, has its analogy in the condition that
for p ∈ P1 the point ( fρ(p))ρ ∈ AΣ(1) must not lie in the subvariety Z of AΣ(1) given by
the equations ∏ρ′ρ xρ′ for ρ ∈ Σ(1) (Remember that the rays of Σ are also its maximal
cones by assumption). The morphism P1 → X can then be recovered from the ( fρ) by
considering the natural identification of X with the quotient of U := AΣ(1) \ Z by the
algebraic torus G := HomZ(Pic(X),Gm) [CLS11, Thm. 5.1.11]. Let us fix some i0 ∈ I.
Since, analogously to the X = Pr case, two collections of homogeneous polynomials define
the same morphism to X if and only if they differ by the action of an element of G, we
see that a curve (C, (pλ), f ) is uniquely determined by the points (pλ), and the image
f (pi0) ∈ T in the big open torus T of X. This gives us an embedding of Mlab0,I (X, c) into the
algebraic torus GD(L0)m /G
L0
m × T similar to the torus embedding of Mlab0,I (r, d) presented in
Subsection 3.3.
The tangency condition c determines a tropical degree ∆ = ∆(c) in T with index set
J, namely by assigning to j ∈ J the integral vector ω(j)upi(j) ∈ NT. The same argument
as in Subsection 3.3 shows that the tropicalization of Mlab0,I (X, c) is equal to the tropical
moduli space Mlab0,I (T,∆). The reader will not be surprised to learn that all constructions
and results from Subsection 3.3 can easily be carried over to the more general situation.
In fact, looking back at the construction of the corresponding tropical curve to a labeled
parametrized curve in standard form (Construction 3.1), we see that all we need to change
is the definition of the vectors sA in Equation 2, namely by defining
sA := ∑
j∈A∩J
∆(j).
Like this we get a corresponding tropical curve CC to every labeled parametrized I-marked
curve C = (P1, (pλ), f ) satisfying c and being in standard form. The remaining results of
Subsection 3.3 can then be copied almost literally to prove the analogous results in the
more general situation. In particular, we get
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Corollary 5.2. For every i ∈ I the diagram
Mlab0,I (X, c) T
Mlab0,I (T,∆) T
trop trop
evi
evi
is commutative. Furthermore, the evaluation morphisms evi can be extended to morphisms evi :
G
D(L0)
m /G
L0
m × T → T of algebraic tori.
So far we have only considered the evaluation maps at the marked points, which are
mapped to the big torus T of X. However, in some applications, for example when
studying relative invariants, one also wishes to evaluate at the labeled points. This can
be done algebraically as well as tropically. In algebraic geometry, for every j ∈ J and
curve (C, (pλ), f ) ∈ Mlab0,I (X, c) the image f (pj) is a well-defined point in the torus orbit
O(j) := O(pi(j)) corresponding to pi(j) ∈ Σ(1). This yields a map
evj : Mlab0,I (X, c)→ O(j),
the evaluation map at j. As in the case of evaluations at marked points, these evaluation
maps are restrictions of morphisms of tori:
Proposition 5.3. For every j ∈ J the map evj : Mlab0,I (X, c)→ O(j) can be extended to a morphism
evj : G
D(L0)
m /G
L0
m × T → O(j) of algebraic tori. In particular, the evaluation maps are morphisms.
Proof. The natural toric morphism U = AΣ(1) \ Z → X induces a torus morphism from
the torus orbit OU(j) of U corresponding to pi(j) (or rather to the cone generated by the
basis vector of AΣ(1) corresponding to pi(j)) to the torus orbit O(j) of X. The orbit OU(j)
can naturally be identified with GΣ(1)\{pi(j)}m and therefore it makes sense to define the
morphism of algebraic tori
G
D(L0)
m ×GΣ(1)m → OU(j)(
(d(λ,µ)), (cρ)
)
7→
cρ ∏
λ∈pi−1{ρ}
(
d(λ,j)
d(λ,i0)
)ω(λ)
ρ 6=pi(j)
.
Taking the composite of this morphism with the morphism OU(j) → O(j) we obtain a
morphism GD(L0)m ×GΣ(1)m → O(j) of algebraic tori which obviously contains the naturally
embedded GL0m ×G (remember that G = HomZ(Pic(X),Gm)) in its kernel. Hence it induces
a morphism
evj : G
D(L0)
m /G
L0
m × T → O(j)
of algebraic tori. That this morphism coincides with evj on Mlab0,I (X, c) can be seen in the
same way as in Proposition 3.7.
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In the tropical world the situation is similar. Given j ∈ J and a tropical curve (C, (eλ), f) ∈
Mlab0,I (T,∆), the images of the points of ej all differ by an element in the span of pi(j). Hence
we get a well-defined point in O(j) = O(pi(j)) := T/ Lin(pi(j)), yielding a map
evj : Mlab0,I (T,∆)→ O(j),
the evaluation map at j. The space O(j) is a tropical torus, its lattice being the image
of NT under the projection map T → O(j). Because the lattice NO(j) can naturally be
identified with the lattice of 1-psgs of O(j), the tropical torus O(j) is the tropicalization of
O(j). Therefore, we obtain a diagram analogous to the one in Corollary 5.2, which also is
commutative as the following proposition shows.
Proposition 5.4. For every j ∈ J the diagram
Mlab0,I (X, c) O(j)
Mlab0,I (T,∆) O(j)
trop trop
evj
evj
is commutative.
Proof. Let C = (P1, (pλ), f ) be in standard form, and use the notation of Construction 3.1.
The image of the point pj under f is represented by the pointcρ ∏
λ∈pi−1{ρ}
(aj − aλ)ω(λ)

ρ 6=pi(j)
in the torus orbit GΣ(1)\{pi(j)}m of U corresponding to pi(j). Therefore, trop
(
evj(C)
)
is
represented by
∑
ρ∈Σ(1)
ν(cρ)uρ + ∑
λ∈J\{j}
ν(aj − aλ)∆(λ). (7)
Note that multiples of upi(j), and hence multiples of ∆(λ) for λ ∈ pi−1{pi(j)}, do not change
the represented vector. As in the proof of Proposition 3.4 let r1 < · · · < rk be the elements
of {ν(aj − aλ) | λ ∈ J}, and Di = {λ ∈ J | ν(aj − aλ) ≥ ri} for 1 ≤ i ≤ k. Furthermore, let
vi be the inclusion-minimal vertex containing Di. The new thing here is that now rk = ∞
is infinite. But the techniques of Proposition 3.4 still work, showing that ν(vi) = ri for
1 ≤ i < k, that vi ∩ J = Di for all i, and that there is no vertex v strictly between vi and vi+1
such that v ∩ J 6= Di+1. With this notation, trop(evj(C)) is represented by
∑
ρ∈Σ(1)
ν(cρ)uρ +
k−1
∑
i=2
(ν(vi)− ν(vi−1)) svi ,
which is easily seen to be equal to qvk−1 . Because vk = {j}, the properties of the vi imply
that v ∩ J = {j} for every vertex strictly between vk−1 and {j}. This implies that qvk−1
differs from the images of the points on ej only by a multiple of upi(j), which finishes the
proof.
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Now that we have seen that we have defined the tropical evaluation map evj at a label
j ∈ J in the correct way, at least from an algebraic point of view, let us point out its geometric
meaning. To do this let us briefly talk about tropical toric varieties. Given a fan Θ in T,
the construction of the toric variety XΘ can be mimicked in tropical geometry [Pay09a]:
for every cone θ ∈ Θ one can define an “affine” tropical variety Uθ = Homsg(θ∨ ∩ N∨T ,R)
and give it the topology induced by the product topology. These topological spaces can
be glued, as in the algebraic situation, to a space XΘ. Again as in toric geometry, there
is a natural stratification XΘ = äθ O(θ), where O(θ) = NT/ Lin(θ) is defined as before.
The algebraic and tropical constructions can be connected via the so-called extended
tropicalization trop : XΘ → XΘ which is equal to the tropicalization O(θ) → O(θ) as
defined above on each stratum. Returning to our situation, the evaluation map evj assigns
to a curve (C, (eλ), f) the topological limit of the ray ej in XΣ. This limit point lies in the
boundary of XΣ, in the stratum O(j) to be precise, and could be considered as the image
point of the foot of ej. Thus, the fibers of evj consist precisely of the curves whose foot with
label j is mapped to a fixed point in the boundary, that is they have the same interpretation
as their algebraic counterparts.
The following corollary summarizes our results on rational curves by giving a quite
general correspondence theorem. To shorten notation, we define O(i) := T and O(i) := T
for i ∈ I.
Corollary 5.5. For every λ ∈ L0 let Aλ be a rational affine linear subspace of O(λ) of codimension
dλ with difference space Lλ. Furthermore, assume that
∑
λ∈L0
dλ = |I|+ |J| − 3+ dim(T).
Then for a generic family of points (pλ) ∈ ∏λ O(λ) with trop(pλ) ∈ Aλ for all λ ∈ L0 we have∣∣∣∣∣∣ ⋂λ∈L0 ev−1λ
(
G(Lλ ∩ NO(λ))pλ
)∣∣∣∣∣∣ = ∏λ∈L0 ev∗λ(Aλ) ·Mlab0,I (T,∆),
where G(Lλ ∩ NO(λ)) denotes the subtorus of O(λ) generated by the 1-psgs in Lλ ∩ NO(λ).
Proof. The proof is analogous to that of Corollary 4.5.
5.3 Lines on Cubic Surfaces
It is a well-known theorem by Cayley and Salmon that in algebraic geometry every smooth
cubic surface in projective three-space over an algebraically closed field contains exactly
27 straight lines. The strong analogy between algebraic and tropical geometry makes it
promising to prove a similar result in tropical geometry. However, it has already been
discovered that the exact analogue of the algebraic statement is simply wrong in the
tropical world. It has been shown in [Vig10] that there are smooth tropical cubic surfaces
that contain infinitely many lines. On the other hand, in [Vig07] the author shows that
general smooth tropical cubic surfaces of a certain combinatorial type contain exactly 27
lines. This encourages to believe that it is still possible to prove a slightly modified version
of the statement, for example by allowing the lines on tropical cubic surfaces to have
multiplicities. These multiplicities should, of course, be 0 for all but finitely many lines
on every cubic surface. Also, they should be defined purely tropically, for example by
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intersection-theoretical considerations in some moduli space. Finally, it would be nice if the
multiplicities would reflect the relative realizability of the lines, that is whenever a tropical
cubic X is the tropicalization of a generic algebraic cubic X, the multiplicity of each tropical
line in X should be equal to the number of algebraic lines in X tropicalizing to it. One way
of defining these multiplicities, namely by constructing moduli spaces for tropical lines
in given tropical surfaces, was suggested in [Och13, Section 3.3]. In an example class of
cubics, these multiplicities indeed add up to 27. Unfortunately, this has not been proven
for general cubics, and it is difficult to decide whether the lines in question are relatively
realizable or not. For this reason, we chose a different approach, which also allows to use
our previous results. Namely, we tropicalize the algebraic incidence correspondence of
lines and cubics.
But first, let us review some results about tropical hypersurfaces. In doing so, we will
also recall the definitions of tropical lines and smooth tropical cubics. Assume we are given
a tropical polynomial f = ∑m∈Zn amxm, where the coefficients are in R = R ∪ {∞} and
only finitely many of them are not equal to ∞. The vanishing set |Va(f)| of a f is equal to
all points x ∈ Rn such that the minimum
f(x) = min
m∈Zn
{am + 〈m, x〉}
is obtained at least twice. This set has a polyhedral structure whose cells are in dimension-
reversing correspondence to the cells of the Newton subdivision of the Newton polytope
Newt(f) = conv{m | am 6= ∞} [MS15, Prop. 3.1.6]. It can be made a tropical variety Va(f)
by assigning to a facet of |Va(f)| the lattice length of its corresponding edge in the Newton
subdivision. This construction is compatible with tropicalization, that is if f = ∑m∈Zn amxm
is a polynomial in the coordinate ring of Gnm, and we tropicalize its coefficients to obtain
f = ∑m∈Zn ν(am)xm, then we have Trop (V( f )) = Va(f) [MS15, Lemma 3.4.6]. Now
given a point p ∈ Tn with representative x ∈ Rn+1, and a homogeneous polynomial
f ∈ R[x±10 , . . . , x±1n ], the value f(x) is not independent of the choice of x. Nevertheless, it
does not depend on x whether or not the minimum is obtained twice. Thus we get a
well-defined set |Vp(f)| ⊂ Tn, which can be made into a tropical variety Vp(f) in the same
way as in the affine case.
Unfortunately, unlike in the algebraic case, there is no bijective correspondence between
tropical hypersurfaces in Tn and homogeneous polynomials in R[x±10 , . . . , x
±1
n ] modulo
multiplication by a monomial. But for a given hypersurface X ⊆ Tn, the Newton polytopes
and subdivisions of the tropical polynomials which have X as their vanishing set are
translates of each other. Thus it makes sense to talk of the Newton polytope and subdivision
of X and to call X smooth if the Newton subdivision is unimodular.
Following [Vig10] we define tropical cubic surfaces in T3 as the vanishing sets of tropical
polynomials in the tropical polynomial ring R[x0, . . . , x3] whose Newton polytopes are
equal to three times the standard simplex, that is equal to 3 conv{t0, . . . , t3}, where (ti)i
denotes the standard basis.
The second important class of objects relevant to counting lines in cubics is, of course,
that of lines in T3. Such a line, or more generally a tropical line in Tn is defined as a genus
0 curve with exactly n + 1 unbounded edges that have weight 1, and as directions the
images s0, . . . , sn in Tn of the standard basis vectors of Rn+1. Equivalently, a tropical line
is the image of a parametrized curve in Mlab0,0 (n, 1).
Now that we have established which tropical objects we actually want to count, we can
start relating them to their analogous algebraic objects. For this we will work over the field
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K = C((tR)) of generalized power series. As indicated earlier, we want to tropicalize the
algebraic incidence correspondence M of lines and cubic surfaces. This variety parametrizes
all pairs (L, X) of lines L and cubic surfaces X such that L ⊆ X. As lines in P3 are
parametrized by the Grassmannian G(2, 4), and cubics are uniquely determined by the
20 coefficients of the homogeneous polynomials of degree 3 in K[x0, . . . , x3] generating
their vanishing ideals, two such polynomials cutting out the same cubic if and only if they
differ by an element in K∗, the incidence correspondence M is a subvariety of G(2, 4)×P19.
Since only lines whose Plücker coordinates are all nonzero tropicalize to tropical lines in
our sense, and only cubics whose defining polynomials contain all monomials of degree
3 can possibly tropicalize to smooth tropical cubics, we can replace M by the part of the
incidence correspondence contained in G0(2, 4)×T19.
Consider G0(2, 4) in its Plücker embedding in T5. By [SS04, Thm. 3.8], the tropicalization
G(2, 4) of the Grassmannian G0(2, 4) parametrizes the tropical lines in a way respecting
the tropicalization. The situation is not quite as nice for cubics: A given point f ∈
P19, representing a cubic polynomial modulo constant factor, tropicalizes to a point
f = trop( f ) ∈ T19, determining a tropical cubic polynomial modulo constant summand. Of
course, the vanishing set of a tropical polynomial does not change when adding a constant
summand. Thus, as in the algebraic setting, there is a well-defined tropical hypersurface
Vp(f), which is clearly equal to Trop
(
Vp( f )
)
. However, as mentioned above, T19 does not
parametrize the set of tropical cubics since the map assigning to f ∈ T19 its associated cubic
Vp(f) is not injective. Fortunately, if X is a smooth cubic, there actually is a unique f ∈ T19
such that Vp(f) = X.
Let us finally apply our results from Section 4 to the 19-dimensional subvariety M of
T = T5 ×T19. We only consider one evaluation map ev (which is not really an evaluation
here), namely the restriction to M of the projection ev = pr : T → T19. Of course, ev
is dominant and T19 has the correct dimension to apply Corollary 4.5. By Cayley and
Salmon’s theorem, the fiber ev−1{ f } consists of exactly 27 points for all f in the open subset
of T19 of smooth cubic surfaces. So if we let M = Trop(M), and let ev be the restriction of
ev = Trop(ev) to M, Corollary 4.5 tells us that deg(ev∗[f] ·M) = 27 for every f ∈ T19. Every
point (L, f) ∈M ⊆ G(2, 4)×T19 is the tropicalization of a pair (L, f ) ∈ M. In particular,
we have L ⊆ Vp(f). We see that for every tropical cubic polynomial f we get multiplicities
on the tropical lines contained in Vp(f) that add up to 27 and respect tropicalization. Since
a smooth tropical cubic corresponds to a unique cubic tropical polynomial, we obtain the
following proposition:
Proposition 5.6. Let X be a smooth tropical cubic. Then there are intersection-theoretically defined
multiplicities mult(L) for the lines L ⊆ X that are compatible with tropicalization. That is, if X is
a generic smooth cubic surface tropicalizing to X, then the multiplicity mult(L) of a tropical line
L ⊆ X is equal to the number of lines of X tropicalizing to L. In particular, only finitely many
tropical lines in X have nonzero weight, the weights are all nonnegative, and they add up to 27.
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